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Abstract 

The combined absence of physical realizations of the Ua{^-) symmetry pos- 
sessed by the classical QCD action in the chiral limit, and of an isoscalar Gold- 
stone boson associated with its spontaneous breakdown, has been dubbed the 
Ua(1) problem. A formal resolution of this problem proposed by 't Hooft 
relies on instantons to provide a mass to the would-be Goldstone boson (?/). 
An alternate scheme for the generation of an r( mass proposed by Kogut and 
Susskind derives from quark annihilation into gluons and a strong infrared 
singularity in the gluon propagator associated with confinement. We demon- 
strate here how such diagrams are generated in quark based effective theories 
by including a certain class of diagrams which arise from correlated qq ex- 
change and are of higher order A low energy energy expansion of this 
corrections is of the form discussed by Witten, di Vecchia and Veneziano. 
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I. INTRODUCTION 



The complexity of QCD makes the use of effective theories a natural and important tool. 
The dominant role of dynamical chiral symmetry breaking at low energies and the mass 
gap in the hadron spectrum between the eight Goldstone modes (n, K, and rj) and the 
higher mass states has lead to the successful description of low-energy phenomena by chiral 
perturbation theory(xPT) [[j] . In the case of the flavorsinglet pseudoscalar meson tt° [] this 
division is not as clear, in particular with regard to the limit of a large number of colors N c . 
In the large N c limit the ir° is a Goldstone mode ||, and its treatment by %PT as a higher 
mass state (which is integrated out) leads to the anomalous behavior of one of the chiral 
low energy (Gasser-Leutwyler) coefficients L 7 , that is, L7 oc N 2 @. The extra factor of N c 
is supposed to result from the ^-dependence of the n° mass, m^o oc l/y/N~ c , through the 
simple quark-antiquark annihilation picture shown in Fig.|]. Unfortunately things are not as 
simple as the diagram of Fig.[I] suggests. It turns out that the ir° remains still massless in the 
chiral limit as long as the gluon propagators are the perturbative ones. Kogut and Susskind 
0] showed that using a nonperturbative ansatz for the gluon propagator which diverges like 
D(q 2 ) oc \ in the infrared limit q 2 — > could actually generate a mass for the 7r°. What 
makes their approach even more attractive is the fact that such a gluon propagator generates 
a confining potential for the quarks if used in a quark-quark interaction (for a review c.f. 
0). Furthermore it should be noted that such a \ singularity has also been extracted from 
studies of the gluon propagator in the Dyson-Schwinger approach |J[7| . 

A formally different path to the Ua(1) problem was proceeded by 't Hooft || who 
proposed that 6^(1) breaking as well as an ir° mass occur from the interaction of the quarks 
with a nontrivial topological vacuum configuration of the gauge field, called instantons. Due 
to the large success of instanton based approaches to nonperturbative QCD (for a recent 
review c.f. 0) many quark based effective chiral theories from the Nambu-Jona-Lasinio 
type [ID] which use a contact quark-quark interaction have incorporated this mechanism by 



adding a 't Hooft determinant which is a 6-quark point interaction in case of 577(3) flavor 
by hand to the original four quark point interaction (for reviews c.f. On the other 

hand the formal solution proposed by 't Hooft j8| seems to be in conflict with the simple 
iV c counting arguments @. In refs. P,^2|-16l the general form of an effective chiral mesonic 



interaction which gives rise to a mass for the tt° but not to the Goldstone octet and is 
consistent with large N c QCD was derived and used in various meson based effective chiral 
models. 

It is the aim of this paper to illustrate how the phenomenological notion proposed by 
Kogut and Susskind Q arises in quark-based effective theories. To do so we include explicitly 
correlated qq exchange diagrams from the non-Goldstone type. In general such exchanges 
can include color octet correlations and are therefore not considered in meson-resonance 
p|Ji7[] or dispersion-relation ]T§| extensions of chiral effective theories. Using a model gluon 



propagator with the Kogut-Susskind \ singularity and performing a low energy expansion 



of these corrections in the same way as it has been recently done for the leading order term 



We will ignore here the mixing between 7T°, ^ 3 and 7r 8 because in the following we are working 
with massless current quarks. 
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T9| will then render an effective interaction which is exactly from the form used in refs. 



,i2Hl6l. Although our approach is only semiquantitative at the present stage we are able 
to generate the {7a (1) anomaly as well as an 7r° mass directly in a quark based effective 
theory without introducing explicitly instanton configurations. 

Our paper is organized as follows: In section 2 we exhibit the path from QCD to an 
effective quark-quark interaction and its bosonization through the introduction of bilocal 
fields. These fields will be separated into Goldstone modes and other collective qq modes. 
The main results of the saddle point expansion are briefly reviewed. In section 3 we perform 
an integration over the non-Goldstone qq modes which generates higher resonance exchange 
as well as qq annihilation diagrams in addition to the saddle point effective action. Among 
those we focus especially on the annihilation diagrams. Section 4 introduces the technique 
for performing a low energy expansion of the effective action which is generated by the 
annihilation diagrams. We then discuss the properties of a model gluon propagator with 
a Kogut-Susskind infrared ^ singularity and show that such a singularity is sufficient to 
create a mass term for the flavorsinglet Goldstone boson, i.e. the 7r°, which therefore breaks 
the Ua(1) symmetry. In section 5 we show that the low energy expansion of the effective 
action is of the form obtained in refs. [p],pT2| |T^1 which is consistent with large N c QCD. A 
summary and discussion is given in section 6. 



II. FROM QCD TO THE EFFECTIVE QUARK-QUARK INTERACTION 

We begin by writing the QCD partition function in terms of an expansion in gluon 
n-point functions as 

Zqcd[*P, V,v} = J DqDqDA exp (S QC d[iP, <?, q, A] + fjq + qrj) 

= J DqDq exp (-S[i/j, q, q] + fjq + qrj) (2.1) 

with 

SbP, q,q]=J m + 1>{x))q + ~ / %{x)D*{x - y)j b u (y) + - / Dfytflfi + • • • (2.2) 

where j®(x) = q{x)^-^ v q{x) is the quark color current, and i/j( x ) is an external source field. 
The two-point function, D°^, for example is given by 

K( X ~V) = J DAAl(x)Ai(y)exv(-S QCD [OMA]). (2.3) 

It should be noted that this definition of the function D a ^ u does not include quark loops, 
which arise after the quark- field integration, and includes in principle all powers of 1/N C . 
One should therefore, for the purposes of N c counting, write 

oo 

K( x - y) = T,l D{n) r> - y) ( 2 - 4 ) 

n=0 

where [-D^]^, oc (1/N c ) n . For example, [D^\ a ^ y contains only planar graphs. 
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Here we will truncate the expansion fl2.2|) to include only the two-point function, and 



thereby define an effective model based on the quark-quark interaction D^ u (x — y). This 
model truncation has become known has the global color model (GCM). It retains all global 
symmetries of QCD, such as Poincare, chiral U(3) <g> U(3) and global SU(3) C symmetry. 
What is lost is the invariance under local SU(3) C gauge transformations and therefore also 
renormalizability. The inclusion of higher order terms in the series ( |2.2|) lies beyond our 
ability at the present time. Nevertheless we can hope that by modeling the gluon 2 point 
function D^ u (x — y) appropriately we are able to retain most of the important features of 
QCD, such as confinement, dynamical chiral symmetry breaking and asymptotic freedom. 

The GCM has been used successfully for the description of low energy chiral physics 
p0|- p2l , [l9| , meson form factors and spectra [f23|j22jl , the soliton |24|] and Fadeev |25f descrip- 
tion of the nucleon and QCD vacuum condensates [^,^]. Comprehensive reviews on this 
subject can be found in refs. p8| and [29 . 



The partition function for this model is given by 



Z G cm[iP, V,V} = J DqDq exp (-S GC m[iP, q, q] + VQ + QV) 



(2.5) 



with 



S, 



GCM 



d A xd A y^q(x)\{$ x + ip(x))5(x - y)\q(y) 

9 2 



+jJ a „(x)D(x-y) 3 M 



(2.6) 



ab 



X 



y) = 8 a 8fj, v D(x — y) for the gluon 



where for convenience a Feynman like gauge D 
propagator is employed. 

It should be noted that the Nambu-Jona-Lasinio(NJL) model [10| is obtained from ( |2.6|) 
in the limit D(x — y) — 5(x — y)/Ai 2 , with M. the appropriate mass scale, rendering an 
effective four quark contact interaction. The introduction of an ultraviolet cutoff is required 
in this special case in order to make the quark loops finite. 

As in our previous work, to make explicit contact with meson degrees of freedom we 
employ here the standard bosonization procedure [ 30j,[31 , 20|] . This entails rewriting the 
partition function in terms of bilocal meson-like integration variables and expanding about 
the classical vacuum (saddle-point of the action). 

The resulting expression for the partition function in terms of the bilocal-field integration 
is Z[ip] = J\f J DB e~ s ^' B ^ where the action is given by 



S[i>,B] 



-TrLn 



G 



-i 



4 4 B e (x,y)B e (y,x) 
d xd y- 



2gW(x-y) ' 
and the quark inverse Green's function, is defined as 

G-\x,y) = ( & + ^ x ))5(x-y) + A e B e (x,y). 
Here the quantity A e is the direct product of Dirac, flavor 5*^7(3) and color matrices 




(2.7) 



(2.8) 



(2.9) 
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which arises from Fierz reordering the current- current interaction in ( |2.6| ) 



A" 



ji^ Ik 



7m" 



7m" 



(2.10) 



3 k 



The saddle-point of the action is defined as || 



B ,tp=0 



and is given by 



B e (x -y) = g 2 D{x - y)tv A e G (x - y) 



(2.11) 



These configurations provide self-energy dressing of the quarks through the definition S(p) 
A e B 9 (p) = i 0[A(p 2 ) - 1] + B(p 2 ), where 



A( P 2 



2 2 8 [ d 4 Q m \ A(q 2 )q-p 



3 J (2tt) 4 " 



and 



q 2 A 2 (q 2 ) + B 2 (q 2 )' 
B(q 2 ) 



(27 



q 2 A 2 (q 2 ) +B 2 (q 2 



(2.12) 



(2.13) 



This dressing comprises the notion of "constituent" quarks by providing a mass M(p 2 ) 
B(p 2 )/A(p 2 ). 

The bilocal fields are then expanded about the saddle point as, 



y)+B e (x,y), 



(2.14) 



to generate the effective interactions of the fluctuations, B. At this point these interac- 
tions are produced by the quark- field determinant TrLn ($ + E + A e B e ^j and therefore occur 
through the dressed-quark loops. 

The connection between the bilocal fluctuation fields and the local fields of standard 
hadronic field-theory phenomenology is made as follows. The bilocal fields contain informa- 
tion about internal excitations of the qq pair in addition to their net collective or center-of- 
mass motion which is to be associated with the usual local field variables. A separation of 
the internal and center-of-mass dynamics is achieved by considering the normal modes of the 
free kinetic operator of the bilocal fields in a manner which is analogous to the interaction 
representation of standard quantum field theory. Details of the localization procedure can be 
found in refs. pO|,|3T],pO|,p9| . The process amounts to a projection of the bilocal field B onto a 



complete set of internal excitations T n with the remaining center-of-mass degree of freedom 
represented by the coefficients 7r^(P) = / d i qB e {P,q)Y e n {P,q). The bilocal fluctuations can 
thus be written as 



B e (p, q ) = J2<( p K(P,q)- 



(2.15) 



The functions T d n are in general eigenfunctions of the the free kinetic operator of the 
bilocal fields. At the mass shell point, P 2 = —M 2 , they satisfy the homogeneous Bethe- 
Salpeter equation in the ladder approximation for the given quantum numbers 9 and mode 
n. This modal expansion is then used to localize the action. 
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Our previous work |L9| was restricted to the study of the Goldstone octet by explicitly 
neglecting all other fluctuations. Here we wish to extend that work by including and ex- 
plicitly integrating out all of the qq fluctuations except the would be Goldstone ones, i.e. 
the ground state pseudoscalar nonet. In doing so we will generate resonance-exchange and 
quark- annihilation diagrams; the latter being associated with the 1/N C corrections. To this 
end we write the full bilocal field of fl2.14|) as 



B e (x,y) = B e u (x,y) + B E (x,y) 



(2.16) 



where Bfj(x,y) includes the vacuum configuration and the ground-state pseudoscalar nonet 
fluctuations, 



k 9 B e u {x,y)=Y.{x-y)+B{x-y) 
and B E (x,y) includes all other excitations, 



x + y 



1 



(2.17) 



B E (P,q) = T,*l(PK(P,q). 



(2.18) 



It is important to note that in ( |2.18| ) the sum is restricted, which has been denoted by the /. 
Therefore, due to the completeness of the T^(P,q), B E (x,y) is proportional to a projection 
operator that excludes the ground-state pseudoscalar nonet fluctuations. Further in fl2.17p 
U 5 (x) is defined as 



U 5 (x) = P R U(x) + P L U\x) 
U(x) 



(2.19) 



with Pr l the usual chiral projection operators. 

In terms of the would be Goldstone fields Bfj(x, y) and the excitations B E (x, y) the action 
of ( |2.7|) is given by 



S = —TrLn 

+ J d A xd 4 y 



TrLn 



1 + GuJyBt 



B E (x,y)B E (y,x) 
2g*D(x-y) 



+ J d 4 xd A y 



g&(a,y)fig.(y,s) 
g 2 D(x - y) 



(2.20) 



where we have discarded a constant term. Expanding ( |2.20|) to second order in the excita- 
tions B e E gives 



S = —TrLn 



Gu 1 



+ / d A xd A yJ\x,y)B E {y,x) 



+ d 4 xd*yd 4 x'd 4 y' B e E (x, y)V dd )(x, y; x' , y')B e E (y', x') (2.21) 



where 



V g,{x,y;x' : y' 



5 ed '5(x - x')5(y - y') 
g 2 D(x-y) 



tr 



G u (x',x)A 9 G u (y,y')A 9 ' 



(2.22) 
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and 



g 2 D(x-y) 



Gu(x,y)A 6 



[2.23) 



In the first term of fl2.21|) the fluctuations are restricted to the pseudoscalar (would be 
Goldstone boson) nonet. As we will discuss in detail in the next section the second and 
the third term of (|2.21 ) will give rise to higher resonance exchange diagrams as well as qq 
annihilation diagrams. 

So far only the first term of ( |2.21j ) has been studied. Its real part can be written as 



S{B% = 0} 



1. 



TrLn [ GVj 1 \G v l 



where G v x is, from ( |2.8j ) and ( |2.17| ), given by 

G?{x, y) = 7 • d x A(x -y) + i, (£±^) 8(x - y) + B(x - y)U 5 (£±* 



(2.24) 



(2.25) 



The chiral effective action is obtained by performing a gradient expansion of (|2.24|) (details 
are given in ref. |TI|). The result to fourth order is (in Euclidean space) 



d x 



j - 



tip 



f 2 

J 7T 



tl F 



U (tr F Ud^U)^)}) - L 2 tr F \(d, L U)(d v U^) 



ti F [{dyUKdvtf)] (2.26) 

- L 3 tr F [(d,U)(d^)(d u U)(d u U^)] + L 5 ti F [{d,U){d,U ] ){U X ] + xU ] ) 

- L 8 tr F [ X rf X U ] + U X ] U X ] 

where x( x ) = ~ ^(qq)' 1 I ) ( x ) / fn anc ^ the remaining trace is over flavor. In obtaining this result 
the equation of motion 



(2.27) 



and the 577(3) relation 



tr. 



{d,U)(d u U^U){d^) 



- Ur F [(d»U)(d»tf) 



+ ti F \(d^U)(d u U j )] -tr F Ud^U)(d u U f )] ~ 2tr F \(d^U)(d^)(d u U)(d u U^) 



(2.28) 



have been used. Explicit forms of the coefficients are also given in ref. ||19|| . 
Finally it should be noted that in terms of N c counting Sjj is of order 0(N C 



2 In the following we will restrict ourselves only to the real part of the action. The imaginary part 
3 [S] gives rise to the Wess-Zumino term after gradient expansion which is connected to chiral (non 
abelian) anomaly. 
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III. INTEGRATION OVER THE NON-GOLDSTONE MODES; ^ 
CORRECTIONS TO THE EFFECTIVE ACTION 



A. Integration over the Non-Goldstone Modes 

As the next step we now perform the functional integration over the excitation fields B E 
but not over the would be Goldstone fields B G , or, in other words, we treat the would be 
Goldstone fields at the mean field level (stationary phase approximation). It is convenient 
to introduce the abbreviations: 

V^(x,y;x',y') = (xyelV^xW) 
B G (x,y) = (B G \xyB) 

B e E (x,y) = {B E \xy9) 

J e (x,y) = (J\xy9) (3.1) 



so that (|2^T|) reads 



S = S V + ^(B E \V~ l \B E ) + (J\B E ). (3.2) 

We now apply the general rule for the functional integration over a boson field 

J D$er X *^ M ~ X ^ = (DetM^yK-^^ 1 (3.3) 

from which we obtain the complete mean field effective action for the would be Goldstone 
modes as: 

S — Su + S res + S ann (3.4) 
where Su has been discussed in the last section and the two other terms are given by 

S res = l -(J\V\J), (3.5) 



-TrLn 
2 



V- 1 } . (3.6) 



Let us now discuss these new two terms, which arise due to the inclusion of correlated qq 
exchange of the non-Goldstone type, in more detail. 

B. Resonance Exchange Diagrams 



From the form of ( [2.23|) and the saddle point condition (|2.11|) it follows that J B has to 



be at least of first order in the would be Goldstone fields /7k — 1. Furthermore it should 



be recalled that the field B E defined in ( 2.18| ) is proportional to a projection operator that 



excludes all the would be Goldstone modes. Therefore the first contribution of J to the 
second term in ( |2.21| ) must be of second order in the would be Goldstone fields. Altogether 



it follows that S res in (|3.5| ) must be at least of 4th order in the would be Goldstone fields. 



S 



To be more explicit let us separate the inverse quark propag ator Gu' 1 in flpp m case 



of a vanishing external scalar source ip = into a "free" part and chiral field "background" 



Gjj 1 



with 



(x, y) = G -\x -y) + B(x - y) (u 5 (^±*) 



G (x-y) = -yd x A(x - y) + B(x - y) 



which gives rise to an expansion of Gu in terms of B{U^ — 1) 

G v = G - Go [B(U 5 - 1)] G + G [B(U S - 1)] G [B(U 5 - 1)] G ± . 



(3.7) 



(3.8) 



(3.9) 



A similar expansion may be obtained for the operator D which was defined in ( |2.22| ) and 
describes the propagation of a resonance (qq excitation) in the presence of a "background" 
(':,- 1: 



where 



V- 1 = TV 1 + V 
V = V - V VV + V Q VV VV G ± 



, , 5 e 0>8(x - x')S(y - y') 
v (x,y;x,y) = - 



(3.10) 



g 2 D(x - y) 

Ve9>(x,y;x',y') = tr \G v (x\ x)A e Gu{y, y')A 6 ' 



(3.11) 



Inserting these expansion into the definition of <S res ( |3.5| ) together with ( |2.23| ) and reapplying 
the Fierz relation ( p.!0|) renders an expansion for S res . A typical diagram is displayed in 
Fig.|2]. The dashed lines stand for U$ — 1 "background" field insertions, whose minimal 
number are four, as we have discussed above. 

All those diagrams are of order 0(N C ) such as Su itself. As it has already been discussed 
in some more detail in ref. |19|] they generate higher resonance exchange contributions to 
the interactions between the would be Goldstone bosons in addition to simple quark loop 
diagrams such as Fig. |3] coming from Su. An example would be e.g. the p meson exchange 
pole in 7r — 7r scattering. However, as also discussed in ref. |1| , the main contribution to the 
chiral low energy coefficients Li is already given by the simple quark loop diagrams Fig.|3|, 
which obviously can reproduce the low energy tail of the resonances satisfactorily. Therefore 
the diagrams arising from the new action S res (Fig]^) do not seem to play a very important 
role for low energy chiral dynamics. 



C. qq Annihilation Diagrams 

Let us now come to the main focus of this paper, which are the qq annihilation diagrams. 
They arise from the action S ann ( |3.6|) . In order to see this we use the expansion ( |3.10|) in 
(p.6|) and obtain after dropping a constant 
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-iTrLn [v, 1 ] - -TrLn [U + V V] 



= ~Tr [V V] + -Tr [V Q VV V] - ^Tr [V VV VV V] ± . . 
I 4 o 



(3.12) 



Using the explicit definitions ( |3.11| ) and again reapplying the Fierz relation ( |2.1(J| ) leaves us 
with 



S 19 = -\tt [V V] = 



G C7 (xi,xi)7 At y 



tr 



A a 



(3.13) 



diagrammatically shown in Fig.^(a), which vanishes due to the color trace. The first non 
vanishing contribution is the 2 gluon annihilation diagram (Fig.|](b)) 

S 29 = ^Tr [V VV V] = 

- J d 4 x 1 d 4 x 2 d i y 1 d 4 y2 g 2 D(xi - y 1 )g 2 D(x 2 - y 2 ) 



tr 



tr 



c 

X a 2 



Gu (x 2 , Xi)7 Ml -^-Gu (xi , x 2 )7 M2 — 



A a 2 

i 



G , c/(yi,2/2)7M2^- G 'c/(2/2,yi)7Mi 2 



(3.14) 



The 3 gluon annihilation diagram (Fig.f|(c)) gives 

5 3 5 = A T t[V VV VV V] = 
o 



^ y d i x 1 d A x 2 d Jt x- i d i yid i y 2 d i y 3 g 2 D(x l - y 1 )g 2 D(x 2 - y 2 )g 2 D(x 3 - y 3 ) 



tr 



tr 



A 



A ai 



G u (xi,x 3 )j fl3 —G u (x 3 ,x 2 )-f^ 2 —G u (x 2 ,x 1 )j fll o 

A ai A a2 A a3 

l^^G v {y x , y 2 hf, 2 —Gu(y 2 , y 3 )j m —Gu(y 3 , y x ) 



(3.15) 



and so forth. From the diagrams of Fig.f| we conclude that S ann is of one order higher 
than <S[/ as well as <S> res . 



IV. LOW ENERGY EXPANSION; MASS TERMS FOR THE PSEUDOSCALAR 

NONET 



The presence of qq annihilation diagrams (Fig.|]) which arise from the integration over 
higher mass states, does not guarantee a priori a finite mass for the flavorsinglet pseudoscalar 
would be Goldstone boson, the 7r°. This point has been commonly dubbed the C/a(1) problem 
in the literature. In order to understand this point in the context of our approach let us 
investigate the low energy structure of the effective action S ann in some more detail. 
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A. Gradient Expansion of the Quark Propagator G\j in the Presence of an External 

Background Field U 



The first step to do this is to expand the quark propagator Gu(x%, x 2 ) in the presence of 
an external chiral field U5 in terms of the momenta of this external field. It is convenient to 
write the matrix U5 as 



U 5 

95 



95 



(4.1) 



where the index i runs from to 8, i.e. includes the full pseudoscalar nonet. First of all we 
observe that the inverse quark propagator Gu" 1 defined in eq.Q3.7D can be expanded as: 



< X\\Gu 1 \x 2 >= Gu 1 (x\,X 2 ) 



95 



(X\ + x 2 



G (x x - x 2 ) g 5 



Xi + x 2 



V 2 

flfcfai) G$~ l (xi - x 2 ) g 5 (x 2 ) 

+-(x 2 - xi)^ {^5f 5 (xi)Go _1 (^i - x 2 )g 5 (x 2 ) - flr 6 (^i)Go -1 (xi - x 2 )d^g 5 (x 2 )} + ... 
which in turn gives rise to an expansion 



where 



Gi(xi,x 2 ) =< Xi\Gi\xi >= 

95 ] {y)dii95{y)GQ~ l {y,z) - G " l (y, z)d^g 5 (z)g^ (z) 



G (z,x 2 ) 



or in momentum space 



1 



G\(xi,x 2 ) =< xi\G\\xi >= +— J d 4 R 
(-i)(jf+i $A(k + h)+B(k + h) 



d 4 k d 4 q ig £i+f2 



(2vr) 4 (2tt) 



2 e 



ik(x\—X2) iRq 



+ 



X{k + \q) 

(u 5 \R)d tl U 5 (R) - Us{R)dJjJ(R)) (-) ( lfl A(k) + 2 ^A'(k)) 
d v (u 5 \R)dJJ 5 {R) + Us{R)dJjJ(R) 



H) {{l^K + lv k„ + 5^ jt)A'(k) + 2 ^k v A"{k)) 



+ 



d v (u 5 \R)d,U 5 (R)) (-2) (S^B'(k) + 2k,k u B"{k)) 

.i)W-\4)A{k-\q) + B{k-\q) 
X{k-\q) 



(4.2) 



< xi\Gu\x 2 >= G u (x 1 ,x 2 ) = gs\xi) {G (:ci - x 2 ) + Gx{x x ,x 2 ) + . . .} gj(x 2 ) (4.3) 



(4.4) 



(4.5) 
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where X(s) = sA 2 (s) + B 2 (s) and the . . . denote higher gradients in the chiral field. 

We are now ready to study the low energy expansion of the action S ann by putting the 
expansion (|4.3| ) into the series for the multigluon annihilation diagrams ( |3.13| , |3!T4| , |3.15| ,...). 
Because of 

95^1^ = 7m ( 4 - 6 ) 



the lowest order in the expansion ( |4.3| ) will for any number of gluon annihilations only render 
terms which are independent of the chiral field U5, whereas the higher order terms contain 
at least one gradient. One therefore could naively conclude that it is impossible to generate 
a mass term for the flavorsinglett tt°, which must be proportional to (vr ) 2 . This of course 
just reflects the fact that all the terms in ( |3.13| , |3.141 , |3.15| ,...) and therefore S ann should be 
invariant under Ua(1) rotations as long as one was dealing merely with finite matrices. This 
is however not the case. The traces Tr are all infinite operator traces and the nonlocality in 
the gluon 2 point functions D(xi — yi) could produce infrared singularities. It is therefore 
necessary to study the IR singularity structure of the gluon propagator D in more detail. 



B. Infrared Behavior for a Model Gluon Propagator with a Kogut-Susskind 

Singularity 

In order to do so let us consider a model gluon two point function which we write as 

g 2 D(p 2 )=g 2 D s (p 2 )+g 2 D r (p 2 ) (4.7) 

For the IR singular part we consider a Kogut-Susskind type form, which has also been used 
by Marciano and Pagels || 



AT \ 1 



v 



(4.8) 



where \l is an energy scale and e an infrared regulator and regarded as small. In this context 
we want to remind that in the so called Abelian approximation, which consists in neglecting 
ghosts, the gluon 2 point function D(p 2 ) is related to the strong running coupling a s (p 2 ) 
through 



9 2 D(s) 



47ra s (s) 



(4.9) 



For the gluon propagator in (48 ) this would imply that a s (s) oc - which is consistent with 
infrared slavery. More discussion on this subject can be found in PBLI23 and references 
therein. For the regular part we can assume asymptotic scaling in the UV region, i.e. 



DJs) oc 



sLn( 



(4.10) 



for s — ► 00, as it was done in most of the previous studies (c.f. and refs. therein). 

As we will see shortly our conclusions will not depend on the details of the form for D r (s) 
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as long as it is less singular than 1/s 2 in the IR. The solutions of the Dyson-Schwinger 
equations (|2.12|) and ( [2.131 ) are in the limit e — > 



B(s) oc y^-4s, (4.11) 

whereas A(s) as well as all derivatives B'(s), A'(s), . . . remain finite. For large values of 
s the solutions of the Dyson-Schwinger equations (|2.12| ) and ( [2. 131 ) have their asymptotic 
forms A(s) oc 1 and B(s) oc 1/s. The low momentum strength of g 2 D(p 2 ) is implied by the 
scale where the infrared form is matched to the known asymptotic form. From ( |4.11|) one 
can see that this matching scale, which provides a natural cutoff scale for all the quark loop 
integrations, is of the order O (^r)- 

It should be mentioned in this context that the quarks obtained in that way are confined 
in the sense, that the quark propagator Go does not have a pole at timelike momenta. This 
is a direct consequence of the \ singularity of the quark-quark interaction. 

Finally we will have to perform integrations over the internal gluon momenta. Using 

r dH 1 1 1 nn+m-2) ( . 

J WflP^ (TT^F " To^ T(n)T(m) ^ ~ m ^ 2 ~ n ^ ) ( 412 ) 

we find that for e — ► 

Jn (i\ Jn L i a „ ,,2 A* 1 



I-0f/s 2 D,(l)9 2 D,(<, + t) cc 

/ ^W^-ft + W^-fo + «» + «> cx 

/ (M 4 (S '' 2 g 2 - D -ft)g 2 -D.('i + '2) -MCi + i 2 + q) cx W^Vi ( 413 > 



and so forth. 

These observations provide us with the following scaling rules for each of the qq annihi- 
lation terms (|3.13|J3.14] , [3.15| ,...) in the limit e — > 0: 

1. The scalar part of the quark self energy B(s) scales as 

2. The vector part of the quark self energy A(s) as well as all derivatives A'(s), B'(s), . . . 
remain finite. 

3. X(s) = sA 2 (s) + B 2 (s) oc 4- 

4. Each quark loop integration / d 4 p gives a factor (^r) and each additional quark 

2 

momentum p^ a factor 

5. The integration over k internal gluon exchange lines gives a factor \i I 
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C. Scaling Behavior of the qq Annihilation Diagrams; Generation of a Mass Term for 

the vr° 



Let us now consider the limit e — > for each term in the series ( |3.12| ) using the low 
energy expansion (4.3) for Gjj. Hereby we will only consider terms in which each of the 
quark loop has at least one background field insertion. Diagrams with a quark loop which 
contains no background field insertion could be absorbed in a redefinition of the gluon n 
point function at NLO in jjr. Using the explicit form ( f4.5| ) for G\ and making use of the 
scaling rules which were established in the last subsection leaves us with the following leading 
order contributions of S ann quadratic in ir°: 

1. The LO contribution from the 2 gluon diagram (Fig.[|(b)) is 

2 



S 2g 



oc 



dssA(s) 



Ms) \ B(s) 
X(s)J \x(s) 



(2tt)< 



d i Rnr°{R 1 ) / d A R 2 n°(R 2 )e 



-%g(Ri-R 2 ) 



(4.14) 



which gives the total scaling behavior 

d 4 q 



S 2g 



OC 



(27T)' 



(4.15) 



where 7r°(g) denotes the Fourier transform of ir°(x). 



2. The LO contribution from a diagram with an odd number 2k+l > 3 of gluon exchanges 
(c.f. e.g.Fig.|(c) for 2k + 1 = 3) is 



S (2k + 1) 9 ^ 



dssA(s) 



B{3) 

X(s) 



2k+2 



/ 2\ 2k 



/ T^I / d^ARi) J d*R 2 K\R 2 )e-^- R ^^ . (4.16) 



Applying the scaling rules mentioned above leads a total LO scaling behavior of 

,2\ 2 



(4.17) 



We see that the degree of divergence is \ independent of the number 2k + 1 of ex- 
changed gluons. 

3. The LO contribution from a diagram with an even number 2k > 4 of gluon exchanges 
(c.f. e.g.Fig.|(d) for 2k = 4) is 
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(2tt)< 



dssB ij) (s) 



Bis) 
X(s) 



2fc+ll z / 2 \ 2fc-l 



(fR^iRr) / d 4 R 2 7T (R 2 )e 



-iq{Rx~R 2 )( n 2\(j-l) 



(4.18) 



Here B^'(s) denotes the j th derivative of B. This renders the total scaling behavior 



S 2k oc 



(27T) 



-7r u (g)7r u (-g)^F(g 



(4.19) 



whose degree of divergence is again \ and again independent on the number 2k of 
exchanged gluons. The F(q 2 ) stands for a polynomial in q 2 with F(0) ^ 0. 

Therefore it follows that if e — > we are left with a term quadratic in 7r° of the form 

,2\ 2 



OC 



d A q 
J2n) 4 



7r°(q) F(q 2 )q 2 + M 2 n°(-q) 



q 2 



(4.20) 



where M 2 ^ 0. By rescaling the flavorsinglett field tt° as 



7T 



7T 



^1 

q 2 e 



(4.21) 



one obtains finally 



7T°(g) \F{q 2 )q 2 + M 2 1 7T°(-g) 



(4.22) 



This means however that the 7r° has acquired a finite mass, which, in turn, shows that the 
effective action S ann is not Ua(1) invariant. Important hereby is the fact that both terms in 
( 4.20| ), namely the mass term M 2 as well as the wave function F(q 2 )q 2 have the same degree 
of divergence in the limit e — > 0. They are both proportional to \. We can therefore absorb 
this divergence in a redefinition of the field 7r° by means of (4.21). 



It is important to notice that the mechanism described above works only for the fla- 
vorsinglett particle 7r°, whereas the flavoroctet particles remain massless Goldstone bosons 
due to the vanishing flavor trace over the quark loop. Therefore the chiral SU(3) ® SU(3) 
symmetry is still maintained. 



V. THE WITTEN DI VECCHIA VENEZIANO ACTION 

Finally let us look at the general form of the action S ann in the low energy limit, if we 
use a gluon propagator with the Kogut-Susskind ^ singularity and take the IR limes as 
described in the last section. So far we have shown that there appear terms quadratic in 
the flavorsinglet but not in the flavoroctet pseudoscalar fields. The question is now, what 
happens with the non quadratic terms. Because of parity the number of fields must be even, 
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therefore the next possible term must be of fourth order. Typical diagrams are displayed in 
Fig.|5]. Applying the method described in the last section one finds easily that those diagrams 
scale proportional to = independent of the number of exchanged gluons. After rescaling the 
fields due to (|4.21| ) one finds that the contribution to S ann with four n° fields is proportional 
to e 3 . More general the contribution to S ann with (2j) 7r° fields is proportional to e 3<J-1 - ) . 
This means that all diagrams with 4 or more pseudoscalar field insertions are suppressed by 
higher powers of e compared to those with 2 pseudoscalar fields and therefore vanish in the 
limes e — > 0. In other words the low energy limit of the effective action coming from the qq 
annihilation diagrams is of the form 

Sann = A / '(x)ir° '(x) = A [LnDet U] 2 (5.1) 

where A is a finite numerical constant. 

This, however, is exactly the form of an effective action containing a flavoroctet pseu- 
doscalar which has been obtained Witten, di Vecchia and Veneziano P,|12f|L4|| from general 



jj- counting arguments and its effect in effective chiral Lagrangians was studied by various 



authors [15,16] . This means that the action we have obtained by integrating over the higher 
mass excitations with an IR singular gluon propagator from the Kogut-Susskind type is fully 
consistent with the analysis of refs. P,[12|-4T^]. 



VI. SUMMARY AND DISCUSSION 



Let us briefly summarize the most important issues of our analysis: We are considering 
a model truncation of QCD (|2.6|) , which is based on a very general form of a quark-quark 
interaction defined by a model gluon propagator D(q 2 ). We have shown that in this approach 
we are able to generate qq annihilation diagrams as a series of multi gluon exchanges by 
integrating out the non would be Goldstone degrees of freedom while treating the would 
be Goldstone degrees of freedom at the mean field level. Those diagrams are of one order 
jj- higher than the leading term. We then have examined the conditions for the creation 
of a finite mass term for the flavorsinglet pseudoscalar ground state. It turned out that it 
is sufficient that the gluon propagator D(q 2 ) diverges as ^ in the infrared (g 2 — > 0). As a 
special case we have looked at a Kogut-Susskind type IR divergence D(q 2 ) oc ^7 where e 
is an IR regulator. This type of quark-quark interaction gives rise to confined constituent 
quarks. The propagator for the flavorsinglet pseudoscalar develops a finite mass m n o in 
the IR limes e — > 0. The effective action generated by these qq annihilation diagrams is 
therefore not invariant under {7a (1) transformations. The {7a (1) breaking is a consequence 
of the highly nonlocal quark-quark interaction which is generated by D(x—y) and the infrared 
singularities which are induced by this nonlocality. Taking the formally infinite functional 
traces while applying an appropriate IR regularization prescription leaves one with a finite 
mass term for the flavorsinglet pseudoscalar channel. The flavoroctet pseudoscalars remain 
massless Goldstone bosons and the chiral 577(3) (g> SU(3) symmetry remains untouched. 
Moreover we have shown that a low energy expansion of the action action coming from 
these qq annihilation diagrams gives exactly the well known form [LnDet{7] 2 proposed by 
Witten, di Vecchia and Veneziano if the IR limes is taken as described above. Therefore our 
approach is consistent with general 4- counting. 
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It is interesting to compare our case with the Nambu-Jona-Lasinio (NJL) type models 
11 1, which, as we have mentioned earlier, can be regarded as a special case of the model 
truncation we consider, namely where the quark-quark interaction reduces to a local four 
point interaction in coordinate space D(x — y) oc 5 4 (x — y) and an appropriate UV cutoff is 
applied. In momentum space D(q 2 ) is then a finite constant and according to our analysis it is 
therefore not possible to generate a finite 7r° mass in the NJL by this way. On the other hand 
instanton based approaches P^J53| J9[|, which consider topological nontrivial vacuum gauge 
field configurations, are able to generate automatically an C/a(1) breaking local ('t Hooft) 
interaction |J, which is a four quark interaction for SU (2) flavor and a six quark interaction 
for SU(3) flavor. However, if one starts from a fully U(3) <S> U(3) invariant four quark 
interaction from the NJL type, one is forced to add an C/a(1) breaking but SU(3) ® SU(3) 
invariant interaction by hand in order to obtain a finite mass for the flavorsinglet (see e.g. 
ref. ||34j| ). This can be either the 't Hooft term or the Witten - di Vecchia - Veneziano 
term, which we have discussed in the last section. We want to point out once more that 
instantons are not present in the approach we have used, but all nonperturbative effects are 
due to the IR behavior of the quark-quark interaction. It seems, however, that instantons 
and our nonperturbative form for the quark-quark interaction describe in different ways 
nonperturbative QCD, as it is reflected e.g in dynamical chiral symmetry breaking, the 
existence of nonperturbative vacuum condensates, or, as in our case, the Ua{X) anomaly 
and r)' mass. 

It is clear that our treatment is far from being able to make a quantitative statement 
about the flavorsinglet pseudoscalar mass at the present stage. In order to do so we would 
have to sum up the whole series of multi gluon exchange diagrams ( |3.12j ), which is technically 
more involved and will therefore be postponed to a separate analysis. 
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FIGURES 



FIG. 1. qq annihilation diagram. 

FIG. 2. Typical diagram appearing in S res . The dashed lines denote external would be Gold- 
stone background fields U$ — 1, whose minimum number is 4. The diagram describes therefore an 
interaction between would be Goldstone bosons (e.g. tt — tt scattering). These diagrams are of 
0(N C ). 

FIG. 3. The same as Fig.|| only with a simple (dressed) qq loop. These diagrams come from 
Su and are of 0(N C ) as well. 

FIG. 4. Expansion of S ann into multigluon exchange diagrams. Each quark line is dressed and 
has an arbitrary number of chiral background field insertions. These diagrams are of order 0(1), 
i.e. suppressed by one order compared with the ones in Fig.^ and Fig.||. 

FIG. 5. Typical diagram of fourth order in the pseudoscalar fields 
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Fig.l 



(d) 



Fig.4 



